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1

Vector Autoregressions

In this chapter we will focus on Vector Autoregressions (VARs), a class of statistical models
that capture the statistical properties of many macroeconomic time series without relying
explicitly on a particular economic theory. VARs are reduced form models, and it is therefore impossible to interpret the dynamics estimated using a VAR without at least some
theoretical restrictions. Under certain conditions, it is possible to establish a link between
VAR models and DSGE models, such as the RBC and monetary models we have seen in
previous chapters. Conditional on selecting some meaningful identification restrictions, one
can conduct economically interesting analysis employing (structural) VARs. These restrictions are potentially consistent with a wide variety of theoretical models and can be used to
estimate structural impulse responses to productivity, monetary or other shocks or to make
a decomposition of the contribution of the diﬀerent shocks to aggregate volatility. Good
sources for background reading are Hamilton (1994) and Lütkepohl (2005).

1.1

Some Preliminaries on Multivariate Time Series Econometrics

A vector autoregressive model of order p or VAR(p) model is
zt = A0 + A1 zt−1 + ... + Ap zt−p + ut , t = 0, ±1, ±2, ...

(1)

[
]′
where zt = zt1 , ..., ztn is a n × 1 random vector, A0 is an n × 1 matrix of constants and
Ai , i = 1, ..., p are n × n fixed coeﬃcient matrices and ut is vector white noise satisfying
[
]
E [ut ] = 0, E [ut u′t ] = Σ, E ut u′t−j = 0 for j ̸= 0 where Σ is a non-singular n × n matrix.1

A VAR(p) is stable if its reverse characteristic polynomial has no roots in and on the
complex unit circle, i.e. if
det (In − A1 λ − ... − Ap λp ) ̸= 0 for | λ |≤ 1
A stable VAR(p) process zt , t = 0, ±1, ±2, ... is stationary, i.e. its first and second moments are time invariant.
1
We will assume that ut is standard white noise. [ ut is standard
white noise if the ut are continuous
]
random vectors satisfying E [ut ] = 0, E [ut u′t ] = Σ, E ut u′t−j = 0 for j ̸= 0 and, for some finite constant c:

E | uit ujt ukt um
t |≤ c, for i, j, k, m = 1, ..., n and all t
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A lag operator or backshift operator L is defined such that Lzt = zt−1 . Using this operator,
we can write (1) as
zt = A0 + A1 Lzt + ... + Ap Lp zt + ut
or
A(L)zt = A0 + ut

(2)

where A(L) = In − A1 L − ... − Ap Lp . Define the inverse of A(L) as Φ(L) =

∑∞

i
i=0 Φi L

such

that
Φ(L)A(L) = In
Premultiplying (2) by Φ(L) gives the infinite order Moving Average or MA(∞) representa(

tion
zt = Φ(L)A0 + Φ(L)ut =

∞
∑

)
Φi

A0 +

i=0

Wold Decomposition Theorem

∞
∑

Φi ut−i

i=0

Every n × 1 stationary process zt can be written as

the sum of two uncorrelated processes zt = dt + xt where dt is a deterministic process that
can be forecast perfectly from its own past and xt is a process with MA representation
xt =

∞
∑

Φi ut−i

i=0

where Φ0 = In and ut is a white noise process. We will usually consider systems in which
the only deterministic component is the mean term, i.e. dt = d is a vector of constants.
Under the condition that Φ(L) is invertible, A(L) = Φ(L)−1 and we can write zt as a VAR
of possibly infinite order:
xt =

∞
∑

Ai xt−i + ut

i=1

zt = A0 +

∞
∑

Ai zt−i + ut

i=1

where A0 = A(L)d. In other words, under very general conditions, every stationary process
can be written as a VAR process of infinite order. When the Ai ’s converge to zero suﬃciently
rapidly, every stationary process can be approximated well by a finite order VAR process.
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1.2

Estimation of VARs

Estimating a VAR of order p is extremely straightforward and can be done by multivariate
least squares or, after assuming a statistical distribution for the residuals ut , by standard
maximum likelihood procedures.
1.2.1

Multivariate Least Squares Estimator

The following discussion is based on Lütkepohl (2005). Suppose we have a sample zt−p+1 , ..., zT
of stationary time series available, where T + p is the total sample size. Let z be a n × T
matrix defined as

[
z=

]
z1 ... zT

Let Zt denote an (np + 1) × 1 vector containing a constant term and p lags of each of the
elements of zt




1


 zt−1

Zt =  ·
 ·
 ·
zt−p








Let Z be an (np + 1) × T vector collecting the T available observations of Zt :
[
Z=

]
Z1 ... ZT

Similarly, we can collect the residual terms in the n × T matrix:
[
u=

]
u1 ... uT

Let A be an n × (np + 1) matrix defined as
[
A=

]
A0 A1 ... Ap

Now define the nT × 1 vector z = vec(z), the (n2 T + n) × 1 vector β = vec(A) and the
nT × 1 vector u = vec(u) where vec is the column stacking operator. We can now write (1)
compactly as
z = AZ + u

(3)

z = (Z ′ ⊗ In )β + u

(4)

or equivalently
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where ⊗ denotes the Kronecker product. The covariance matrix of u is
Σu = IT ⊗ Σ
The Generalized Least Squares (GLS) estimator minimizes2

′
′ −1
′
u′ Σ−1
u u = (z − (Z ⊗ In )β) Σu (z − (Z ⊗ In )β)
′
−1
′
′
−1
= z′ Σ−1
u z + β (Z ⊗ In )Σu (Z ⊗ In )β − 2β (Z ⊗ In )Σu z

= z′ (IT ⊗ Σ−1 )z + β ′ (ZZ ′ ⊗ Σ−1 )β − 2β ′ (Z ⊗ Σ−1 )z
The first order condition is
2(ZZ ′ ⊗ Σ−1 )β − 2(Z ⊗ Σ−1 )z = 0
The GLS estimator β̂ is therefore given by3
β̂ = ((ZZ ′ )−1 ⊗ Σ)(Z ⊗ Σ−1 )z
= ((ZZ ′ )−1 Z ⊗ In )z
It can be shown (see Lütkepohl (2005) p.73-75) that under our assumptions the asymptotic
√
distribution of T (β̂ − β) is normal with covariance matrix Γ−1 ⊗ Σ, i.e.
√
d
T (β̂ − β) → N (0, Γ−1 ⊗ Σ)
′

where Γ = plim ZZ
T . In order to assess the asymptotic dispersion of the LS estimator, we
still need to know Γ and Σ. Consistent estimators are given by

2

Γ̂ =

ZZ ′
T

Σ̂ =

1
z(IT − Z ′ (ZZ ′ )−1 Z)z ′
T − np − 1

Matrix Algebra: Note that for general matrices X1 , X2 , X3 , X4 of suitable dimensions,
• (X1 ⊗ X2 )(X3 ⊗ X4 ) = X1 X3 ⊗ X2 X4
• (X1 ⊗ X2 )′ = X1′ ⊗ X2′
• X1 ⊗ (X2 + X3 ) = X1 X2 ⊗ X1 X3
• if X1 , X2 invertible: (X1 ⊗ X2 )−1 = X1−1 ⊗ X2−1

3

The Hessian 2(ZZ ′ ⊗ Σ−1 ) is positive definite such that β̂ is a minimum.
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The ratio

β̂i −βi
ŝi

has an asymptotic standard normal distribution. Here βi (β̂i ) is the i-th

element of β(β̂) and ŝi is the square root of the i-th diagonal element of
(ZZ ′ )−1 ⊗ Σ̂
In other words, we can use the standard t-ratios in setting up confidence intervals and tests
for individual coeﬃcients. In macroeconomics however, it is rare to report results on the
estimated VAR coeﬃcients, because 1) they usually have little economic meaning, 2) they
are poorly estimated in finite samples with large standard errors and 3) there is usually
a large number (n(n + 1)) of them. It is much more common to report functions of the
VAR coeﬃcients which may be more informative, have some economic interpretation and
are hopefully better estimated. Examples are impulse response functions, forecast error
variance decompositions and historical decompositions (see Canova (2007)). Discussion of
these is deferred to the section on structural VARs.
1.2.2

Alternative Estimators

EXERCISE: Show that
1. The GLS estimator is identical to the multivariate OLS estimator obtained from
minimizing u′ u.
2. Multivariate GLS estimation is identical to applying the OLS estimator to each of the
n equations in (1) separately.
3. The GLS estimator is identical to the maximum likelihood estimator assuming normal
disturbances.

1.3

The ABC’s and (D’s) for Understanding VARs

This section discusses the link between VAR models and theoretical DSGE models. Recall
that the general solution of a (linearized) DSGE model can be written as
st+1 = Gst + F et+1
zt = Hst

(5)
(6)

where st is a m×1 vector of state variables, et+1 is an l×1 vector of exogenous disturbances,
zt is an n × 1 vector of variables of interest, G is m × m, F is m × l and H is n × m. m is
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the number of state variables, l is the number of exogenous shocks and n is the number of
variables of interest. It is important to remember that H and G are nontrivial functions of
the model’s structural parameters, such as β, δ, α, ... . The shocks et are Gaussian vector
[
]
white noise satisfying E [et ] = 0, E [et e′t ] = I, E et e′t−j = 0 for j ̸= 0.
Substituting (5) in (6), the state space representation is
st+1 = Gst + F et+1

(7)

zt+1 = Cst + Det+1

(8)

where C = HG is n × m and D = HF is n × l. If st contained only variables that are
observable to the econometrician, it would be straightforward to estimate any of the equations in (7) and (8) using OLS. In most macroeconomic applications however, st contains
variables that are imperfectly or not observed to the econometrician, e.g. the capital stock,
previous period productivity, ..., whereas zt contains observable variables such as output,
consumption, hours, investment,...
Under certain regularity conditions, it is possible however to recover a time series representation in terms of observables only. A first condition is
Stochastic Nonsingularity Condition:

D is an n × n invertible matrix.

Note that stochastic nonsingularity implies l = n, i.e. the number of exogenous shocks
equals the number of variables of interest n. When D is nonsingular, we can rewrite (8) as
et+1 = D−1 (zt+1 − Cst )
Substituting this expression into (7), we have
(
)
st+1 = G − F D−1 C st + F D−1 zt+1
[
(
) ]
⇔ I − G − F D−1 C L st+1 = F D−1 zt+1
where L is the lag operator.
Invertibility Condition:

The eigenvalues of G − F D−1 C are strictly less then one in

modulus.
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If the above invertibility condition holds, then we have
[

st+1 =

(
) ]−1
I − G − F D−1 C L
F D−1 zt+1

(9)

We can shift (9) back one period and substitute into (8):
[
(
) ]−1
F D−1 zt + Det+1
zt+1 = C I − G − F D−1 C L
∞
∑
(
)i
zt+1 = C
G − F D−1 C F D−1 zt−i + Det+1

(10)

i=0

Equation (10) defines a VAR(∞) of observable variables as in (1) where
A0 = 0

(
)i
Ai = C G − F D−1 C F D−1 for i = 1, ..., ∞
ut = Det

Therefore, as long as the stochastic nonsingularity condition and the invertibility condition
holds, there exists a VAR time series representation of a theoretical model with a solution
given by (5)-(6). It is worth stressing several complications that arise in practice when using
DSGE models to make the link between theory and VARs explicit:
1. The VAR representation of the model dynamics is usually of infinite order, such that
with a finite sample of observations, the econometrician must chose a finite lag order
when estimating (10). As noted above, as long as the Ai ’s converge to zero suﬃciently
rapidly, the model time series behavior can be approximated well by a finite order VAR
process. However, as some recent research has recently stressed, it is important to
check that this is indeed the case (see Chari, Kehoe and McGrattan (2005) among
many others).
2. In practice, only a subset of equations of endogenous variables is used in VARs.
Including too many variables increases the number of VAR coeﬃcients to be estimated
involving a loss in degrees of freedom; including too few may imply a loss of variables
that are very informative for the dynamics of the time series.
3. The number of shocks in the model (l) and in the VAR (n) often diﬀer, leading to
problems of stochastic singularity. In practice, one has to add shocks to the model or
assume some measurement error in the VAR specification.
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4. The VAR representation is based on linearized versions of theoretical models. When a
(log)linearization is a poor approximation to the theoretical model, so is a linear time
series model. Nonlinear time series models are available, but are outside the scope of
these lecture notes.
Finally, it is worth pointing out that there exist other, equivalent time series representations
to theoretical models. Some alternative estimation algorithms are based on the state space
representation, others on a VARMA representation (see Kascha and Mertens (2008)).

1.4

Structural VARs

We now know how to estimate the Ai coeﬃcient matrices and Σ, the covariance matrix of
the reduced form residuals of the VAR model. Henceforth the notation Ai , Σ refers to the
estimates of these matrices. Note from the previous section that the relationship between
the VAR residuals and the model’s structural shocks is given by
Σ = DΣe D′
where Σe = E[et e′t ] is the covariance matrix of the structural economic shocks (productivity,
monetary, etc) is taken to be a diagonal matrix, i.e. the fundamental structural shocks are
uncorrelated. Note also that without loss of generality, we can normalize Σe = In , such
that
Σ = DD′

(11)

This link between the reduced form residuals and the structural economic shocks allows for
a structural VAR analysis.
Structural Impulse Responses

If we can solve equation (11) for the individual elements

of D, then it is possible to obtain empirical estimates of the structural impulse responses to
the shocks et and trace out the dynamics of the endogenous variables in zt . The estimated
response of zt in period t + k to an impulse in the j-th element of et at date t is
zt+k − Et−1 [zt+k ] = Φk Dejt , k = 0, 1, ...
where Et−1 [zt+k ] = d, ejt is a n × 1 vector with the j-th element of et as the only nonzero element and the dynamic multipliers Φk are the coeﬃcients of the corresponding MA
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representation of the model. These can be obtained from the recursion:

Φk =

k
∑

Φk−i Ai , k = 1, 2, ...

i=1

starting with Φ0 = In and setting Ai = 0 for i > p. Sometimes, it is more instructive to
look at the cumulative impulse responses
(
zt+k − Et−1 [zt ] =

k
∑

)
Φi

Dejt , k = 0, 1, ...

i=0

For instance, one might be interested in the long run impact of an innovation in the money
growth rate on inflation, i.e. in
(
lim

k→∞

k
∑

)
Φi

Dejt

= Φ(1)Dejt

i=0

= (In − A1 − ... − Ap )−1 Dejt
where Φ(1), i.e. the MA polynomial evaluated at one, is the total long run impact matrix.
Identification The major problem that arises in estimating structural impulse responses
is that in equation (11) D cannot have more unknown parameters than Σ. Since Σ is a
symmetric matrix by construction (it is a covariance matrix), it can be summarized by
n(n + 1)/2 distinct values. However, D generally has n2 free parameters: we cannot solve
for the elements of D and the structural shocks are not identified unless the following
identification conditions hold
• Sign condition: the diagonal elements of D are strictly positive. This is without
loss of generality since it only leads to the normalization that a positive innovation in
one of the elements of et represents a positive shock to the corresponding element of
zt .
• Order condition: there are at least n(n−1)/2 identifying restrictions on the elements
of D. If the number of restrictions is exactly n(n − 1)/2, the model is just identified.
If the number of restrictions exceeds n(n − 1)/2, the model is overidentified.
• Rank condition: The matrix derivative with respect to D of the equations defined
by (11) is of full rank. This condition rules out that any column of D can be written
as a linear combination of another column of D.
11

See Hamilton (1994) p.332 for a more formal analysis. A model is not identified if there is
more than one D that yields the same Σ, or equivalently, if there is more that one set of
structural parameters that make up the matrix D that leads to exactly the same value of
the likelihood function. In that case, it is impossible to discriminate between the diﬀerent
models. Note that the sign, order and rank condition are only valid for “local” identification.
There may be diﬀerent economic shocks or diﬀerent models that are consistent with the
same VAR residuals. Sometimes “global” identification can be shown analytically, but this
can only be done on a case by case basis. There are many types of assumptions one can
make to satisfy the order condition and achieve identification, and we discuss two of the
most popular ones: short run timing restrictions and restrictions on the long-run impact
of structural shocks. In the rest of this chapter, we will only discuss models that are just
identified and that satisfy the sign and rank conditions, unless mentioned otherwise.
Short-Run Timing restrictions

Timing restrictions amount to restricting the contem-

poraneous response to a shock of some of the variables to zero. Consider for instance a VAR
with output growth ∆yt , inflation πt , nominal interest rates it and money growth ∆mt ,
such that zt = [∆yt , πt , it , ∆mt ]′ . Suppose we have a class of models in which output growth
reacts contemporaneously to only to its own shock, inflation responds contemporaneously to
output and money shocks, interest rates respond contemporaneously only to money shocks
and money growth responds to all shocks. In this case we may have:
ut = Det

d
0
0
0
 11
 d
 21 d22 0 d24
= 
 0
0 d33 d34

d41 d42 d43 d44



eyt


  eπ
 t
 i
  et

em
t









or equivalently
uyt = d11 eyt
uπt = d21 eyt + d22 eπt + d24 em
t
uit = d33 eit + d34 em
t
um
= d41 eyt + d42 eπt + d43 eit + d44 em
t
t
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We have (n(n − 1)/2) = 6 zero restrictions so the model is identified and we can solve for
the elements of D from (11). Now consider the alternative set of timing assumptions such
that



ut

d
0
0
0
 11
 d
0
 21 d22 0
= 
 d31 d32 d33 0

d41 d42 d43 d44








eyt
eπt
eit
em
t









such that D is (lower) triangular. The system is in this case said to be recursive and D can
found in a simple manner from the Choleski decomposition of Σ.4
Short-run timing restrictions of this type are often hard to justify from a theoretical
point of view. At least at high enough frequency, short run restrictions may be sometimes
be plausible. For instance with quarterly data, there may be no contemporaneous response
of output if capital and labor input adjustments take more than one quarter; there may be
no contemporaneous response of the price level because prices are sticky for at least one
quarter; the period t shock may not be in the period t information set of the agents that
decide on the period’s value of the variable; and so on. Fortunately, if one is interested in
only one particular shock, it sometimes suﬃces to have much less restrictions than would
be required for identification of all the shocks. Suppose for instance that we can partition
zt = [Zt1 , z̄t , Zt2 ]′ where Zt1 and Zt2 are n1 × 1, resp. n2 × 1 vectors of variables and z̄t is the
period t observation of a variable that is associated with the shock of interest. Christiano,
Eichenbaum and Evans (1998) show that the following zero restrictions suﬃce in order to
identify the contemporaneous impact of the shock:


d11

 n1 ×n1

d21
D = 
 1×n
1

d31
n2 ×n1

0

0

n1 ×1

n1 ×n2

d22

0

1×1

1×n2

d32
n2 ×1

d33
n2 ×n2








i.e. D is block triangular. Clearly the first n1 and the last n2 equations are indistinguishable
within each block. But to estimate the impulse responses to the shock associated with z̄t ,
we only need the corresponding column of D to be identified, not all the elements of D.
Christiano et al. (1998) prove that
4
If A is a general positive definite n×n matrix, then there exists a lower triangular matrix P with positive
main diagonal such that P −1 A(P ′ )−1 = In or A=PP’. This decomposition is sometimes called a Choleski
decomposition.
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1. There is a nonempty family of D matrices of the above form, one of which of course
is the lower triangular matrix with positive diagonal elements, that satisfy Σ = DD′
2. Each member of this family generates precisely the same impulse response to the
shock associated with z̄t .
3. Adopting the normalization of picking the lower triangular D, the impulse response
associated with z̄t is invariant to the ordering of variables within Zt1 and Zt2 .
In other words, doing a Choleski decomposition of Σ to obtain the impulse response to one
particular shock involves much less timing restrictions.
Long-run Impact Restrictions

The timing restrictions above, as well as many other

types of restrictions made directly on the elements of D are often not very appealing.
Blanchard and Quah (1989) show that imposing restrictions on D directly is in fact not
necessary for identification of the structural shocks. These authors consider the accumulated
eﬀects of shocks to the system and focus on the total long run impact matrix of the structural
from error Φe (1):
Φe (1) = (In − A1 − ... − Ap )−1 D = Φ(1)D
Blanchard and Quah (1989) impose zero restrictions on this matrix instead and therefore
assume that some shocks do not have any total long-run eﬀects. Consider their example of
zt = [∆yt , unt ]′ where ∆yt is output growth and unt is the unemployment rate. Demand
shocks only have transitory eﬀects on ∆yt and the accumulated long-run eﬀect of such a
shock on ∆yt is zero. If we place the demand shocks second, than this implies that
[
Φe (1) =

ϕ11

0

ϕ21 ϕ22

]

[
= Φ(1)

d11 d12

]

d21 d22

Note that
Φe (1)Φe (1)′ = Φ(1)ΣΦ(1)′
were the right hand side is a function of the VAR estimates only. We can obtain Φe (1) from
the Choleski decomposition of Φ(1)ΣΦ(1)′ and obtain the short-run impact matrix from
D = Φ(1)−1 Φe (1)

(12)

Long-run restrictions of the type suggested by Blanchard and Quah (1989) are often much
more appealing from a theoretical point of view, as they often are consistent with a much
14

larger class of models. However, recent research by Chari, Kehoe and McGrattan (2007)
and Christiano, Eichenbaum and Vigfusson (2006) suggest that long-run identified VARs
may perform poorly in some circumstances since small sample problems and lag truncation
problems lead to poor estimates of D.
Note how the above short and long run identification schemes lead to an extremely
straightforward estimation strategy: we can first estimate the Ai ’s and Σ as outlined
above and subsequently uncover the model dynamics from (11) or (12). Had we imposed
restrictions on the VAR coeﬃcients, joint estimation of the Ai ’s, Σ and D would be required
using an appropriate method that imposes the parameter constraints during the estimation
step.
To assess the statistical significance of the estimated structural impulse response, we
need standard errors. Because the impulse response coeﬃcients are complicated nonlinear
functions of the VAR coeﬃcients and the covariance matrix of the shocks, it is generally
not easy to find their distribution. We will discuss two methods of computing confidence
intervals for the impulse response coeﬃcients: the delta method which is based on the
asymptotic distribution of the impulse responses; another is based on the bootstrap method,
which is more useful in small samples.
Distribution of Impulse Responses: Delta Method Suppose β̂ is an estimator of
√
d
the vector β with T (β̂ − β) → N (0, Σβ ). If g(β) = [g1 (β), ..., gm (β)]′ is a vector-valued
continuously diﬀerentiable function with

∂g
∂β ′

̸= 0 at β, then

(
)
)
√ (
∂g(β) ∂g(β)′
d
T g(β̂) − g(β) → N 0,
Σβ
∂β ′
∂β
Impulse responses are diﬀerentiable functions of the VAR parameters and of the covariance
matrix. Therefore their asymptotic distribution can be obtained by applying the delta
method. However, as pointed out by Canova (2007), the delta method has three problems:
1) they have poor properties in experimental design with realistic sample sizes (i.e. 100 to
200 quarterly observations); 2) the asymptotic coverage is very poor when near-unit-roots
or near singularities are present; 3) the standard errors tend to be very large, just as the
standard errors of the VAR coeﬃcients. Therefore methods that exploit the small sample
properties of the VAR coeﬃcients, such as bootstrapping, are usually preferred in practice.
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Distribution of Impulse Responses: Bootstrap Method

Bootstrapping is a method

for estimating the unknown small sample distribution of an estimator, such as impulse
responses coeﬃcients, that uses resampling with replacement from the original sample.
One example is the residual bootstrap (see also Lütkepohl (2005) p. 709-712):
Suppose we have a sample of T + p observations on a vector of time series zt :
1. Estimate the VAR(p) using all available data. Obtain the estimated coeﬃcient matrices Âi and the estimated reduced form residuals ût , t = 1, ..., T . Compute centered
∑
residuals ût − ū where ū = T1 Tt=1 ût is just the average.
2. Obtain bootstrap residuals u∗t , t = 1, ..., T by randomly drawing with replacement
from the centered residuals.
3. Construct artificial time series zt∗ by iterating on
∗
∗
zt∗ = Â1 zt−1
+ ... + Âp zt−p
+ u∗t , t = 1, ..., T

using the same p initial values for each generated series.
4. Reestimate the VAR using the artificial time series and compute the impulse responses
of interest.
5. Repeat step 2 to 4 N times, where N is a large number.
Confidence intervals and/or standard errors can be computed based on the distribution
obtained from the N bootstrap replications. Note that the above procedure can easily be
applied to obtain confidence bands for other statistics of interest. Sometimes a related
method based on Monte Carlo simulations is used to construct confidence intervals. In
this case, the reduced form residuals in each replication are sampled from an assumed
distribution (usually multivariate normal).
Historical Decomposition

There are other ways of presenting economically meaningful

results of structural VARs, one of which is a historical decomposition. To verify what role
the j-th shock plays in explaining the dynamics of zt , it is informative to compute the time
series zt (j) by iterating on
zt (j) = A0 + A1 zt−1 (j) + ... + Ap zt−p (j) + Dj ejt

(13)

for t = 1, ..., T given p initial observations z−p (j) = z−p , ..., z0 (j) = z0 . ejt is the j-th shock
of the estimated et and Dj is the j-th column of D.
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Forecast Error Variance Decomposition

Another way to assess the relative contri-

bution of diﬀerent structural shocks to fluctuations in zt is to do a forecast error variance
decomposition. In the context of the MA representation
zt = d +

∞
∑

Φei et−i

i=0

where Φei = Φi D and with the normalization Σe = In , the error of the optimal h-step
forecast of zt is
zt+h − zt (h) =

h−1
∑

Φei et+h−i

i=0

Focusing on a specific variable m in zt , ztm , the forecast error is
m
zt+h
− ztm (h) =

=

h−1
∑
i=0
n
∑

mn
[ϕm1
i e1,t+h−i + ... + ϕi en,t+h−i ]

ml
[ϕml
0 el,t+h + ... + ϕh−1 el,t+1 ]

l=0
e
where ϕab
i is the ab-th element of Φi and eb,t is the b-th element of et . The mean squared

error (MSE) of the forecast ztm (h) is
n
∑
( m
)2
2
ml 2
E[ zt+h
− ztm (h) ] =
[(ϕml
0 ) + ... + (ϕh−1 ) ]
l=0

since the elements of et have unit variance and are uncorrelated. Therefore
2
ml 2
(ϕml
0 ) + ... + (ϕh−1 ) =

h−1
∑

2
(ϕml
i )

i=0

can be interpreted as the contribution of innovations to the l-th shock to the h-step forecast
of the m-th variable. The proportion of the h-step forecast error in variable m that is due
to shock l is thus

∑h−1

ml 2
i=0 (ϕi )
ml 2
ml 2
l=0 [(ϕ0 ) + ... + (ϕh−1 ) ]

∑n

This kind of analysis is also called innovation accounting.
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The Narrative Approach Before moving on, it is worth briefly mentioning an alternative strategy to identifying structural shocks called the narrative approach, pioneered by
Friedman and Schwartz (1963). Friedman and Schwartz looked at a number of historical
events in which changes in the money supply seemed to have been exogenous events, e.g.
because of changes in reserve requirements that were not implemented because of changes
in economic conditions. By looking at a variety of historical sources, it may be possible to
collect a number of such exogenous events that can be used for structural analysis. The narrative approach has been applied to identify monetary policy shocks, government spending
shocks and tax shocks among others.
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2

VAR-Based Results on the Dynamic Response to Shocks

Unfortunately, convincing identification restrictions are hard to come by. As Hamilton
(1994) notes, if there were compelling identification assumptions, macroeconomists would
have settled their disputes a long time ago. This section presents some influential examples
of empirical studies employing various identification schemes to uncover the responses to
technology, monetary and fiscal shocks.

2.1

The Dynamic Eﬀects of Technology Shocks

In an influential paper, Gali (1999) estimates the dynamic response of output and hours
worked to an identified technology shock in order to assess the role of technology shocks
in explaining business cycle fluctuations. His motivation is the following: standard RBC
models are quite successful in matching many of the unconditional moments of US postwar
data. As we have seen before, one dimension in which the simple RBC model does poorly
is the prediction of a very high correlation between hours worked and labor productivity
and real wages, whereas the correlation in the data is near-zero. Modifications that help to
reconcile the RBC model with the data include adding additional shocks, such as government
spending shocks or preference shocks. At that point, the RBC model yields predictions
about conditional moments: i.e. conditional on a given source of fluctuations such as
technology shocks. In order to falsify the model, it therefore becomes necessary to look
at conditional moments in the data, which is exactly what structural VAR analysis is
for. Gali’s central objective is to verify whether the RBC model’s predictions about what
happens after a technology shock to output and hours are consistent with the data.
VAR specification

Gali’s empirical specification starts from the MA representation of

possible infinite order:
zt = Φ(L)Det
The vector of observables zt = [∆st , ∆nt ] contains the first diﬀerences of the log of labor
productivity st = log(St ) = log(Yt /Nt ) where Yt is output and nt = log(Nt ) are log hours
′
a
worked. The vector of structural shocks et = [eat , em
t ] contains a technology shock et and a

non-technology shock em
t . Without loss of generality, we can impose the normalization that
E[et e′t ] = I2 . The fact that the data are in first diﬀerences is based on an assumption that
both labor productivity and hours are integrated of order 1, such that the first diﬀerences
are stationary. Note that the assumption that labor productivity has a unit root in levels is
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certainly plausible, but the unit root in the level of hours is debatable (why?). Gali makes
this assumption based on the outcome of unit root tests, but also employs an alternative
empirical model with zt = [∆st , n̄t ] where n̄t denotes deviations of log hours from a fitted
linear trend.
Identification The identification of the structural shocks in et is based on three assumptions:
1. Output is determined according to a homogenous of degree one, strictly concave,
aggregate production function
Yt = F (Kt , Xt Nte )
where Kt and Xt Nte denote the eﬀective capital and labor-input services employed.
The term “eﬀective” refers to the possibility that there may be unobservable variations
in the rate of utilization in both inputs. Xt is an exogenous technology parameter
following a stochastic process with a unit root, i.e. some technology shocks have
permanent eﬀect on the level of Xt .
2. The capital-labor ratio measured in eﬃciency units,

Kt
Xt Nte ,

follows a stationary stochas-

tic process.
3. Eﬀective labor input Nte is a homogenous of degree one function of hours Nt and eﬀort
Ut :
Nte = g(Nt , Ut )
and eﬀort per hour

Ut
Nt

follows a stationary stochastic process.

The first assumption implies that there is stochastic growth in the economy as opposed to
the RBC model with deterministic growth we have covered in the lecture notes. Apart from
that diﬀerence, assumption 1 contains just the same restrictions on the production function
that are required for balanced growth. It is even more general than the model from the
RBC chapter, because it allows for fluctuations in the rate of utilization of factor inputs.
Assumption 1 is therefore very general and holds in a large class of models that display
growth. The second assumption is also hardly restrictive because it implies that the return
on capital is stationary. As long as they are consistent with balanced growth, almost all
business cycle models have this feature. Moreover, in the data asset returns are found to
be stationary. In assumption 3, homogeneity of the function g is required of eﬀective labor
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input is to be proportional to hours whenever eﬀort per hour is constant. Stationarity of
Ut
Nt

seems empirically plausible and is consistent with all models with variable eﬀort. Note

that of course, assumption 3 also nests all models without variable labor eﬀort, such as the
models from the lecture notes. In short, the three assumptions hold for a large class of
models and are not very restrictive.
Combining assumptions 1 to 3, the measured labor productivity can be written as
(

Yt Nte
Yt
=
= Xt F
St =
Nt
Nt Nte

) (
)
Kt
Ut
, 1 g 1,
Xt Nte
Nt

and after taking logs
st = xt + ζt

(14)

( (
) (
))
Ut
t
where ζt = log F XK
,
1
g
1,
is stationary under the three assumptions. Equation
e
Nt
tN
t

(14) is what allows Gali to identify technology shocks. It implies that only permanent
changes in the stochastic component of the technology parameter xt can be the source of
the unit root in labor productivity. In other words, only permanent technology shocks can
have a permanent eﬀect on the level of labor productivity, even though other shocks may
have transitory eﬀects. Note that non-technology shocks can have a permanent impact on
hours and output. Therefore, Gali’s identification is diﬀerent from Blanchard and Quah
(1989) where supply shocks where defined more generally as the only shocks that have a
permanent eﬀect on output. Also keep in mind that transitory technology shocks will be
captured by the non-technology shock. Formally, the assumptions implies that the long run
impact matrix of the structural shocks, Φe (1) is lower triangular:
[
Φe (1) =

ϕ11

0

]

ϕ21 ϕ22

[
= Φ(1)

d11 d21

]

d21 d22

After obtaining estimates of Φ(1) and Σ using a VAR, it is possible to construct the estimated impulse responses as outlined above.
Results

Figure 1 displays the response of output and hours to a one standard deviation

permanent positive technology shock for the model with first diﬀerenced hours. The estimates are based on the sample 1948Q1-1994:4 and the bands are +/− two standard error
bands computed using a Monte Carlo simulation of 500 replications. The results are in
dramatic contrast with the central predictions of the RBC model: the estimated impulse
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responses show a persistent decline of hours worked in response to a positive technology
shock. As is clear from the historical decomposition in Figure 2, movements in hours and
output attributed to technology shocks are negatively correlated and therefore cannot account for much of the postwar US business cycles. The reverse is true for non-technology
shocks. Gali concludes that the evidence is at odds with RBC theory, and presents a new
Keynesian alternative that is largely consistent with his findings. Needless to say that Gali’s
results have been scrutinized and criticized along all possible dimensions, see for instance
Chari, Kehoe and McGrattan (2005, 2007).
Figure 1: Response to a one-standard-deviation Positive Technology Shock, with twostandard-error bands (First-Diﬀerenced Hours), Gali (1999)
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Figure 2: Estimated Technology and Non-Technology Components of US GDP and Hours.

2.2

The Dynamic Eﬀects of Monetary Policy Shocks

Structural VARs have been very influential in the analysis of monetary policy and in the
study of the monetary transmission mechanism. Of the numerous papers, this section
will focus primarily on the contribution by Bernanke and Mihov (1998). A comprehensive overview of the empirical literature on monetary policy shocks is given by Christiano,
Eichenbaum and Evans (1998).
Bernanke and Mihov provide a structural VAR methodology for measuring innovations in
monetary policy and their eﬀects on macroeconomic aggregates. One of the first complications that arises is how to measure monetary policy: the previous chapter on monetary
models suggests to use money growth rates, which has been indeed the traditional approach. But there are many diﬀerent monetary aggregates (M1,M2,...) one could use, and
their growth rates have in many instances been very diﬀerent. An even more fundamental
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problem is that growth rates of monetary aggregates depend on a variety of nonmonetary
influences. Typically, the Federal Reserve has acted to keep nominal interest rates constant
and has accommodated money demand shocks. Therefore, changes in money growth rates
will often reflect changes in money demand as well as money supply. Moreover there have
been dramatic changes in money velocity due to financial innovations that may lead us to
confound changes in monetary policy with other shocks.
Bernanke and Mihov analyze several alternative measures for the stance of monetary policy that have been suggested in the more recent empirical literature: 1) the federal funds
rate, 2) the quantity of nonborrowed reserves and 3) the quantity of nonborrowed reserves
growth that is orthogonal to total reserves growth. The focus of their analysis is on exogenous innovations to these measures rather than the arguably more important systematic or
endogenous component of monetary policy. Tracing the dynamic response to these innovations provides a means of observing the eﬀects of policy changes under minimal identifying
assumptions.

VAR specification

The starting point is the following structural VAR model
zt = A1 (L)zt−1 + A2 (L)pt−1 + D1 et + D2 ept
pt = A3 (L)zt−1 + A4 (L)pt−1 + D3 et + D4 ept

where zt is a vector of macroeconomic variables, pt is a vector of policy indicators. A1 (L)
to A4 (L) are lag polynomials. et is a vector of nonmonetary structural shocks and ept are
shocks to the policy indicators, one of which is a money supply or monetary policy shock.
The contemporaneous impact of the structural shocks are given by the coeﬃcients in D1 to
D4 .
Identification The first identification assumption of Bernanke and Mihov is that D2 is
a matrix of zeros. This implies that none of the macroeconomic variables in zt responds
contemporaneously to shocks in either of the elements of ept . If pt is a scalar and contains
only, say, the federal funds rate, than this is suﬃcient to estimate the impulse responses to
a fed funds shock, which would automatically also be the monetary policy shock. This is
because it constitutes a special case of the block-triangular D discussed in the section on
timing restrictions. A simply Choleski decomposition of the estimated covariance matrix Σ
in a VAR where the fed funds rate is ordered last is all that is needed.
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However, Bernanke and Mihov invoke the following model of the market for bank reserves
to elicit the assumptions needed to justify each of the three proposed policy indicators.
uT R = −αuF F R + ed

(15a)

uBR = β(uF F R − uDISC ) + eb

(15b)

uN BR = ϕd ed + ϕb eb + es

(15c)

Equation (15a) is the bank’s total demand for reserves expressed in innovations form, i.e. an
innovation in the demand for total bank reserves uT R depends negatively on the innovation
in the federal funds rate uF F R and on a structural demand shock. Equation (15b) determines
the portion of reserves that banks wish to borrow at the discount window uBR , which
depends negatively on the (innovation in the) discount rate and positively on the federal
funds rate and on a structural shock eb . The demand for nonborrowed reserves is of course
given by uT R − uBR . Equation (15c) describes the supply of nonborrowed reserves by the
Federal Reserve, which is allowed to depend on the demand shocks. The shock es is the
monetary policy shock.
Letting pt = [T Rt , N BRt , F F Rt ] and making the simplifying assumption that uDISC = 0
(see the paper for a justification), it is possible to solve the model as follows



uT R






 uN BR  = 



uF F R

α
(1 − ϕd ) + 1
− α+β

α
α+β

ϕd

1

1
α+β (1

− ϕd )

1
− α+β

α
α+β (1

+ ϕb )



ed





  es 


1
b
b
− α+β (1 + ϕ )
e
ϕb

This system has seven unknown parameters, α, β, ϕd , ϕb and the three variances of the
structural shocks, to be estimated from six covariances. The model is therefore underidentified by one restriction. Here we will discuss three indicators of monetary policy proposed
in the literature and the corresponding identification restrictions they imply:
1) The FFR model: The federal funds rate reflects policy shocks, which requires ϕd = 1
and ϕb = −1 such that uF F R = −(α + β)−1 es .
2) The NBR model: Nonborrowed reserves reflect policy shocks, which requires ϕd = 0
and ϕb = 0 such that uN BR = es .
3) The NBR/TR model: “Orthogonalized” nonborrowed reserves reflect policy shocks,
which requires that α = 0 and ϕb = 0 such that es = −ϕd uT R + uN BR
Note that each of the models imposes two additional identification restrictions, such that
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all of them lead to overidentification. This advantageous because the diﬀerent models can
be tested in the form of a test of the overidentifying restriction.
Results

In the VAR, zt includes real GDP, the GDP deflator, an index of spot commodity

prices, pt includes the federal funds rate, nonborrowed reserves and total reserves and the
data are monthly and biweekly observations for the period 1965-1996. Figure 3 plots the
estimated impulse responses of real GDP, the GDP deflator and with the federal funds rate
to a shock with an impact response of -0.25% in the federal funds rate. An expansionary
monetary shock increases output relatively rapidly and raises the price level more slowly
but more persistently. Quantitatively, the results diﬀer noticeable according the method of
identifying policy shocks. Bernanke and Mihov also estimate a sizeable liquidity eﬀect, here
interpreted as the impact of a given increase in nonborrowed reserves on the interest rate.
Based on tests of the overidentifying restrictions, the FFR model is found to be (marginally)
the best choice for measuring monetary policy shocks for the whole sample. One potential
problem is that the Federal Reserve’s operating procedure may have changed over time.
Bernanke and Mihov test for this proposition and conclude that it has. The FFR model
performs well for the 1965-1979 period and does exceptionally well for the Greenspan era,
i.e. post 1988. However it does poorly for the Volcker era (1979-1982), for which the NBR
model does well. The NBR model is strongly rejected in the other sample periods. The
NBR/TR performs well over the various samples. Bernanke and Mihov conclude that the
use of a single policy indicator for the entire period is not justified, but that the FFR model
is probably a reasonable approximation for the greater proportion of the sample.
Overall, the results of Bernanke and Mihov and of many other studies using similar
methodologies are not very favorable for the flexible price monetary models from the previous chapter. Christiano et al. (1998) give an overview of the results for a broader set of
variables in the literature. The picture that emerges is that, after a contractionary monetary policy shock there is a sizeable reduction in various measures of economic activity and
an increase in unemployment. There is generally a strong liquidity eﬀect in the short run
and the price level eventually declines but only after a very long period (about 1.5 years).
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Figure 3: Response to a Monetary Policy Shock leading to a 0.25% reduction in the Federal
Funds Rate, Bernanke and Mihov (1998)
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2.3

The Dynamic Eﬀects of Government Spending and Taxes

This section discusses the aggregate eﬀects of fiscal policy shocks, such as changes in government spending and taxes. Perotti (2007) is a good source for a general overview of the
empirical literature on fiscal policy shocks. We will focus here on a paper by Blanchard and
Perotti (2002) that analyzes the eﬀects of shocks to government spending and taxes using
a SVAR approach in postwar US data. The authors achieve identification by making some
timing assumptions and by exploiting institutional information about the tax and transfers
systems and the timing of tax collections in the US.
VAR Specification

The basic VAR specification is
zt = B(L, q)zt−1 + ut

(16)

where zt = [Tt , Gt , Yt ]′ is a 3 × 1 vector with quarterly observations of Tt , the log of total
tax revenues, Gt the log of total government spending and Yt , the log of GDP, all in real,
Y ′
per capita terms. ut = [uTt , uG
t , ut ] is the corresponding vector of reduced-form residuals.

B(L, q) is a four-quarter distributed lag polynomial that allows for the coeﬃcients at each
lag to depend on the particular quarter q that indexes the dependent variable. Blanchard
and Perotti (2002) allow for quarter-dependence because of seasonal patterns in the response
of some of the taxes to economic activity that are due to tax collection lags.
Identification Without loss of generality,
uTt

Y
T
= a 1 ϵG
t + a2 ut + ϵt

uG
= b1 ϵTt + b2 uYt + ϵG
t
t
uYt

Y
= c1 uTt + c2 uG
t + ϵt

or equivalently





1

0

0

1

−c1 −c2

−a2



uTt






1

 

 G  
−b2 
  ut  =  b1
0
uYt
1
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a1 0
1
0

ϵTt





 G 
0 
  ϵt 
ϵYt
1

such that

D =

1 − b2 c2 + a2 c2 b1


1
 b c + b1 − b1 c1 a2
1 − b2 c2 − c1 a2  2 1
c1 + c2 b1

a1 − a1 b2 c2 + a2 c2 a2
1 + b2 c1 a1 − c1 a2
c1 a1 + c2




b2 

1

Y ′
where ϵt = [ϵTt , ϵG
t , ϵt ] are the mutually uncorrelated structural shocks. Note for the sake

of clarity that here the standard deviations of the structural shocks are not normalized to
one, but instead the diagonal elements of D are. Identification requires finding values for
a1 , a2 , b1 , b2 , c1 and c2 . Blanchard and Perotti (2002) proceed in three steps:
1. They rely on institutional information about tax, transfer and spending programs to
construct the parameters a2 and b2 , which determine the response of Tt and Gt to
unexpected movements in Yt . In principle a2 and b2 capture two diﬀerent eﬀects of
activity on spending and taxes: On the one hand there are the automatic eﬀects of
activity on Tt and Gt under the existing fiscal policy rules; On the other hand, there
are the discretionary adjustments made to fiscal policy in response to unexpected
events. One key timing assumption is that the use of quarterly data eliminates the
second eﬀect: it takes policymakers more than one quarter to learn about a GDP
shock, decide upon an action and take it through the legislative process.
Blanchard and Perotti (2002) could not find any systematic response of Gt to unexpected movements to GDP and set b2 = 0. The choice of a2 is based on the
appropriate aggregation of elasticities of the various tax revenue components with
(e.g. personal income taxes, social security taxes,...) with respect to their tax base,
leading to a2 = 2.08 for the sample 1947Q1-1997Q4.
2. The estimates a2 and b2 are used to construct the cyclically adjusted residuals ũTt =
G
Y
G
Y
uTt − a2 uYt and ũG
t = ut − b2 ut = ut , which are no longer correlated with ϵt . They

are therefore valid instruments to estimate c1 and c2 in a regression of uYt on uTt and
uG
t .
3. The last two parameters a1 and b1 are the hardest to estimate convincingly and
Blanchard and Perotti (2002) consider two alternative scenario’s that diﬀer on whether
taxes are adjusted in response to decisions to change spending, or spending is adjusted
in response to decisions to change taxes:
Case 1 a1 = 0, b1 ̸= 0: Spending responds to increases in taxes.
Case 2 b1 = 0, a1 ̸= 0: Taxes respond to increases in spending.
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The values for a1 resp. b1 can be solved from the covariance matrix of the cyclically
adjusted residuals.
Note that the identification assumptions lead to



1 + a2 c2 b1

a2 c2


1
 b − b1 c1 a2 1 − c1 a2
1 − c1 a2  1
c1 + c2 b1
c2


1 a1 + a2 c2 a2


1
 0 1 − c1 a2 0 
D=

1 − c1 a2 
c1 c1 a1 + c2 1

D=

a2


0 

1

( Case 1)

( Case 2)

both of which satisfy the order condition for a given value of a2 .
There are a few other issues that complicate the analysis: The first is whether to assume
a deterministic or stochastic trend.5 Under the DT -specification, a deterministic trend
is included by allowing for a linear and quadratic term in time in the VAR. The ST specification instead assumes a stochastic trend and the VAR is conducted in first diﬀerences
with an adjustment to account for changes in the underlying drift term. Second, a dummy
variable is included for the exceptionally large tax cut in 1975:2. Finally, the quarter
dependence in (16) implies that impulse responses are also quarter dependent. Blanchard
and Perotti (2002) estimate the variance-covariance matrix using the quarter-dependent
specification, but plot the dynamics that result from a VAR without quarter dependence
to avoid having to present four diﬀerent sets of results.
Results

The results of Blanchard and Perotti (2002), displayed in Figures 4 and 5, show

a consistently positive eﬀect of government spending shocks on output, and a consistently
negative eﬀect of positive tax shocks on output. The graphs report point estimates of
the impulse response coeﬃcients as well as one standard error bands obtained from Monte
Carlo simulations based on 500 replications. In their paper, the basic VAR is augmented
to include the diﬀerent components of GDP (one at a time). They find that a positive
tax shock decreases consumption, investment and net exports, and that a positive spending
shock increases consumption and net exports but leaves investment relatively unaﬀected.
The positive consumption response to a spending increase is inconsistent with the neoclassical RBC model, but consistent with a standard Keynesian model; the implied negative
investment response to a balanced budget expansion is consistent with the neoclassical RBC
5

Formal statistical tests are inconclusive.
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Figure 4: Response to a 1% Tax Increase (Case 1), with one standard deviation bands,
Blanchard and Perotti (2002)

model, but hard to reconcile with a standard Keynesian model.
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Figure 5: Response to a 1% Spending Increase (Case 2), with one standard deviation
bands, Blanchard and Perotti (2002)
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